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Abstract
It is well known that the maximal violation of the Bell’s inequality for a two-
qubit system is related to the entanglement formation in terms of a concurrence.
However, a generalization of this relation to an n-qubit state has not been found.
In the paper, we demonstrate some extensions of the relation between the upper
bound of the Bell’s violation and a generalized concurrence in several n-qubit
states. In particular, we show the upper bound of the Bell’s violation can be
expressed as a function of the generalized concurrence, if a state can be expressed
in terms of two variables. We apply the relation to the Wen-Plaquette model
and show that the topological entanglement entropy can be extracted from the
maximal Bell’s violation.
2
1 Introduction
Quantum entanglement is an essential concept in quantum systems that has no clas-
sical counterpart. In the past five decades, many developments including quantum
information [1], quantum algorithm [2] and Bell’s inequality [3, 4], provide a deeper
understanding of the quantum world. The basic concept of the quantum entanglement
can be understood from the separability of a quantum state, which states if a state is
inseparable, it is called an “entangled state”. The Bell state is the simplest example
of an entanglement state |ψ〉Bell = 1√2(|0〉A ⊗ |1〉B − |1〉A ⊗ |0〉B), where the |0(1)〉A(B)
represents a two level state in the subsystem A(B).
Although the definition of an entangled state is clear, how to measure the ”entangle-
ment” is rather subtle. On the one hand, the most common measure of entanglement is
given by the entanglement entropy of a region A, SEE,A = −TrρA ln ρA with ρA = TrBρ
being a reduced density matrix of a subsystem A and ρ being a density matrix of a
Hilbert space H = HA ⊗ HB. When the entanglement entropy vanishes, the quantum
entanglement between complementary subsystems A and B disappears. This measure
of entanglement only requires the information of the local (reduced) density matrix ρA,
which encodes its degree of entanglement with the complementary subsystem B. On
the other hand, quantum entanglement is also encoded in the correlations between two
local measurements on subsystems A and B. The famous result of the violation of
Bell’s inequality [3, 4] states that the correlations between different measurements of
two separated particles of an entangled state must satisfy the inequality under the local
realism. The violation of the constraints or Bell’s inequality indicates quantum entan-
glement in the system, which is demonstrated in two-qubit systems both theoretically
[5] and experimentally [6, 7, 8].
Although the violation of the Bell’s inequality indicates quantum entanglement, how
to quantify the ”entanglement” from the Bell’s correlators in many-body systems are
not clear. In a two-qubit system, a relation between entanglement entropy, measured in
terms of the concurrence [9], and violation of the Bell’s inequality is shown[10] through
eigenvalues of an R-matrix [11]. An upper bound of Bell’s inequality for some three-
qubit quantum states was also studied [12]. These studies show the entanglement, in
terms of purity and concurrence, can be captured from the extremal Bell violations in
few-body systems. In this paper, we extended this concept further to n-qubit systems.
In particular, we consider an n-qubit state with two variables (λ+, λ−) such that the
concurrence can be expressed as C(ψ(λ+, λ−)). We show that if there exists a inverse
mapping (λ+(C(ψ)), λ−(C(ψ))), the upper bound of the violation of the Bell’s inequality
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measured from an n-qubit Bell’s operator [13, 14] can be expressed a function of a
generalized concurrence. In addition, we show in Theorem 2.1, this upper bound is the
maximal violation of the Bell’s inequality for a specific n-qubit state.
The application of this relation in n-qubit systems is tremendous. In cutting edge
experiments, quantum entanglement can be measured beyond a qubit system but is
only accessible for few-body systems. This is because of the measures of entanglement
requires probes with a single-site resolution such as a beam splitter operation in ul-
tracold atoms [15] or the nuclear magnetic resonance (NMR) quantum simulator on
molecular [16, 17, 18, 19, 20]. On the other hand, the measure of Bell’s operators is
accessible for many-body systems and is demonstrated experimentally for 480 atoms
in a Bose-Einstein condensate[21]. The relation between the upper bound of the maxi-
mal violation of the Bell’s inequality and a generalized concurrence in n-qubit systems
may provide an alternative measure of entanglement beyond few-body systems. The
application of this generalization is the essential motivation presented in this paper.
Although we did not find a general relation for a generic n-qubit state, the examples
that we demonstrated can apply to topological orders. Simple n-qubit models of topo-
logical orders are the toric code model [22] and the Wen-Plaquette model [23], which
are constructed from stabilizer operators. It was shown that the topological entangle-
ment entropy can detect the number of distinct quasi-particles when subregions are
contractible [24, 25]. For a non-contractible region, one can also obtain the topolog-
ical entanglement entropy, but it does not imply a number of distinct quasi-particles
[26]. Hence, the entanglement measurement can be a direct probe of detecting topolog-
ical orders. We show the topological entanglement entropy can be measured from the
maximal violation of the Bell’s inequality in a Wen-Plaquette model [23].
The structure of this paper is as follows. In Sec. 2, we study a relation between
entanglement entropy and maximal violation of Bell’s inequality in the case that each
quantum state is a linear combination of two product states. In Sec. 3, we demonstrate
this relation in an XY model at zero and finite temperature and its application in the
Wen-Plaquette model. We show the topological entanglement entropy in the Wen-
Plaquette model can be computed from the relation of the maximal violation of the
Bell’s inequality and the generalized concurrence. In Sec. 4, we demonstrate that
this relation is also hold in a certain type of 2n-qubit states. Finally, we discuss and
conclude in Sec. 5.
2
2 Entanglement and Maximal Violation
The Bell’s operator of n qubits is defined iteratively as that [13]
Bn = Bn−1 ⊗ 1
2
(
An + A
′
n
)
+ B′n−1 ⊗
1
2
(
An − A′n
)
, (1)
where An = an · σ, and A′n = a′n · σ are the operators in the n-th qubit with an and
a′n being unit vectors and σ = (σx, σy, σz) being a vector of the Pauli matrices. The
(n − 1)-qubit operators 1
2
Bn−1 and 12B′n−1 act on the rest of the qubits. Noe that we
choose:
1
2
B1 = b · σ, 1
2
B′1 = b′ · σ (2)
with b and b′ being unit vectors. It is known that for an n-qubit system, the upper
bound of the expectation value of the Bell’s operator [13]
Tr(ρBn) ≤ 2n+12 (3)
leads to violation of the Bell’s inequality [3].
For a given density matrix, the maximal expectation value of a Bell’s operator is
called the maximal violation of Bell’s inequality. Here we prove a relation between max-
imal violation of the Bell’s inequality and a concurrence of a pure state or entanglement
entropy in an n-qubit system [14] when the all i-th operators in the Bell’s operator are
Ai and A
′
i for 2 ≤ i < n
B˜n = B1 ⊗ A2 ⊗ A3 · · · ⊗ An−2 ⊗ An−1 ⊗ 1
2
(
An + A
′
n
)
+B′1 ⊗ A′2 ⊗ A′3 · · · ⊗ A′n−2 ⊗ A′n−1 ⊗
1
2
(
An − A′n
)
. (4)
To proceed our derivation, we first introduce the generalized R-matrix:
Ri1i2···in ≡ Tr(ρσi1 ⊗ σi2 ⊗ · · · ⊗ σin) ≡ RIin , (5)
where ρ is a density matrix, σiα is the Pauli matrix labeled by iα = x, y, z with site
indices α = 1, 2, · · · , n. We express the generalized R-matrix as a 3n−1× 3 matrix RIin
with the first index being a multi-index I = i1i2 · · · in−1 and the second index being
in. In a two-qubit system, maximal violation of the Bell’s inequality was computed
from the 3 × 3 matrix Rij [11], which is a special case of the generalized R-matrix or
the two-qubit system n = 2. Now we use the generalized R-matrix to generalize the
maximal violation of the Bell’s inequality (B˜n) in an n-qubit system [14].
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Lemma 1. The maximal violation of the Bell’s inequalities has the following relation:
γ ≡ max
B˜n
Tr(ρB˜n) ≤ 2
√
u21 + u
2
2, (6)
where u21 and u
2
2 are the first two largest eigenvalues of the matrix R
†R when a number
of qubits larger than two, n > 2, and
γ = 2
√
u21 + u
2
2 (7)
when a number of qubits is two, n = 2. Note that the matrix R†R is contracted over
the multi-index I.
Proof. We first introduce two three-dimensional orthonormal vectors cˆ and cˆ′ such that:
aˆ+ aˆ′ = 2cˆ cos θ, aˆ− aˆ′ = 2cˆ′ sin θ, (8)
where θ ∈ [0, 1
2
pi], through three-dimensional unit vectors aˆ and aˆ′. The maximal
violation of the Bell’s inequality is defined as
γ ≡ max
B˜n
Tr(ρB˜n) (9)
with the Bell’s operator of n-qubit B˜n defined in (4). By using the generalized R-matrix
and the unit vectors:
Bˆ ≡ BˆI = Bˆi1i2···in−1 ≡ aˆ1,i1 aˆ2,i2 · · · aˆn−1,in−1 ,
Bˆ′ ≡ Bˆ′I = Bˆ′i1i2···in−1 ≡ aˆ′1,i1 aˆ′2,i2 · · · aˆ′n−1,in−1 ,
aˆ ≡ aˆn,in , aˆ′ ≡ aˆ′n,in , (10)
in which Bˆ and Bˆ′ are unit vectors in 3n−1 dimensions, we have:
γ = max
Bˆ,Bˆ′,aˆ,aˆ′
(
〈Bˆ, R(aˆ+ aˆ′)〉+ 〈Bˆ′, R(aˆ− aˆ′)〉
)
≤ max
cˆ,cˆ′,θ
(
2||Rcˆ|| cos θ + 2||Rcˆ′|| sin θ
)
= 2
√
u21 + u
2
2, (11)
in which u21 and u
2
2 are the first two largest eigenvalues of the matrix R
†R. The inner
product and the norm are defined as:
〈P,Q〉 ≡ P †Q, ||U || ≡
√
U †U. (12)
Because R(aˆ+ aˆ′) and R(aˆ− aˆ′) are defined in 3n−1 dimensions and each unit vector Bˆ
and Bˆ′ only contains 2(n−1) parameters, there is no guarantee for the below relations:
Bˆ = k1R(aˆ+ aˆ′), Bˆ′ = k2R(aˆ− aˆ′), (13)
except for n = 2, where k1 and k2 are two arbitrary constants.
4
An earlier approach to relate the maximal violation of the Bell’s inequality and the
concurrence of a pure state [9]
C(ψ) ≡
√
2(1− Trρ2A) (14)
in a two-qubit system was discussed [10].
Now we generalize the relation of the maximal violation of the Bell’s inequality and
the concurrence of a pure state in an n-qubit system, which still monotonically increases
with respect to entanglement entropy, when a quantum state is a linear combination of
two product states. The concurrence of the pure state is computed with respect to the
bipartition with (n− 1) qubits in a subsystem B and one qubit in a subsystem A.
Theorem 1. We consider an n-qubit state
|ψ〉 = |u〉B ⊗
(
λ+|v〉B ⊗ |1〉A + λ−|v˜〉B ⊗ |0〉A
)
(15)
with λ+|v〉B ⊗ |1〉A + λ−|v˜〉B ⊗ |0〉A being a non-biseparable, α-qubit state, |u〉B, |v〉B,
|v˜〉B being product states consisting of |0〉’s and |1〉’s. The state |v〉B is orthogonal to
the state |v˜〉B by choosing opposite bits on each site. Coefficients λ+ and λ− are real
numbers and λ2+ +λ
2
− = 1. The maximal violation of the Bell’s inequality in an n-qubit
system is
γ = 2fα(ψ), (16)
in which the function fα(ψ) is defined as:
(1) α is an even number:
fα(ψ) ≡
√
1 + 2α−2C2(ψ), 22−α ≥ C2(ψ),
fα(ψ) ≡ 2α−12 C(ψ), 22−α ≤ C2(ψ). (17)
(2) α is an odd number:
fα(ψ) ≡
√
1 +
(
2α−2 − 1)C2(ψ), 1
1 + 2α−2
≥ C2(ψ),
fα(ψ) ≡ 2α−12 C(ψ), 1
1 + 2α−2
≤ C2(ψ). (18)
Here C(ψ) is the concurrence of the pure state computed with respect to the bipartition
that the subsystem B contains (n− 1) qubits and the subsystem A contains one qubit.
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Proof. The Hilbert space of an n-qubit system is bipartitioned as H = HB ⊗ HA, in
which dimensions of the sub-Hilbert spaces are dim(HA) = 2 and dim(HB) = 2n−1. We
consider a quantum state with respect to this bipartition
|ψ〉 = |u〉B ⊗ (λ+|v〉B ⊗ |1〉A + λ−|v˜〉B ⊗ |0〉A), (19)
where |u〉B ⊗ |v〉B and |u〉B ⊗ |v˜〉B are the product states in HB and |1〉A and |0〉A are
the product states in HA. By using the properties:
TrρA = λ
2
+ + λ
2
− = 1, C(ψ) =
√
2(1− λ4+ − λ4−), (20)
the coefficients λ± can be expressed in terms of the concurrence
λ2± =
(
1±
√
1− C2(ψ))/2. (21)
The generalized R-matrix is:
RIx = λ+λ−Tr [σI1 |u〉〈u| ⊗ σI2(|v〉〈v˜|+ |v˜〉〈v|)] ,
RIy = −iλ+λ−Tr [σI1 |u〉〈u| ⊗ σI2(|v〉〈v˜| − |v˜〉〈v|)] ,
RIz = −λ2+Tr [σI1|u〉〈u| ⊗ σI2|v〉〈v|] + λ2−Tr [σI1|u〉〈u| ⊗ σI2 |v˜〉〈v˜|] , (22)
where I ≡ I1I2 concatenating two strings of indices, I1 ≡ i1 · · · in−α−1 and I2 ≡
in−α · · · in−1. We also define that σI1 ≡ σ1 ⊗ · · · ⊗ σin−α−1 , σI2 ≡ σn−α ⊗ · · · ⊗ σin−1 .
Here we choose the basis, |0〉 ≡ (1, 0)T and |1〉 ≡ (0, 1)T. One should notice that the
dimensions of the matrix |u〉〈u| is 2n−α and the dimensions of the matrices |v〉〈v|, |v˜〉〈v˜|,
|v〉〈v˜|, |v˜〉〈v| are 2α−1. The non-vanishing matrix elements of the generalized R-matrix
RIα, α = x, y, z, come from the diagonal matrix elements of the below matrices:
σI1|u〉〈u| ⊗ σI2|v〉〈v|, σI1|u〉〈u| ⊗ σI2|v˜〉〈v˜|,
σI1|u〉〈u| ⊗ σI2|v˜〉〈v|, σI1|u〉〈u| ⊗ σI2|v〉〈v˜|. (23)
Then the conditions of non-vanishing matrix elements of the generalized R-matrix RIα,
where α = x, y, z, require the followings:
σI1|u〉 → |u〉, σI2|v˜〉 → |v〉, σI2|v〉 → |v˜〉 (24)
for the generalized R-matrix RIx(y) and
σI2|u〉 → |u〉, σI2|v〉 → |v〉, σI2|v˜〉 → |v˜〉 (25)
for the generalized R-matrix RIz.
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The conditions of the non-vanishing matrix elements RIx are (n−α) number of the
σz matrices in the indices I1, (α− 1− j1) number of the σx matrices and j1 number of
the σy matrices in the indices I2 with j1 being an even integer. The conditions of the
non-vanishing matrix elements RIy are (n−α) number of the σz matrices in the indices
I1, (α− 1− j2) number of the σx matrices and j2 number of the σy matrices in indices
I2 with j2 being an odd integer. The conditions of the non-vanishing matrix elements
RIz are (n− α) number of the σz matrices in the indices I1, (α − 1) number of the σz
matrices in the indices I2.
The above conditions lead to a diagonal form of the matrix R†R. In the case that
α is an even integer, the eigenvalues of the matrix R†R are:(
1 + Cn−12 + C
n−1
4 + · · ·+ Cn−1n−1
)
C2(ψi) = 2
n−2C2(ψi),(
1 + Cn−12 + C
n−1
4 + · · ·+ Cn−1n−1
)
C2(ψi) = 2
n−2C2(ψi),
1. (26)
In the case that the integer α is an odd integer, the eigenvalues of the matrix R†R are:(
1 + Cn−12 + C
n−1
4 + · · ·+ Cn−1n−1
)
C2(ψi) = 2
n−2C2(ψi),(
1 + Cn−12 + C
n−1
4 + · · ·+ Cn−1n−1
)
C2(ψi) = 2
n−2C2(ψi),
1− C2(ψi). (27)
We used Cnk = C
n−1
k−1 +C
n−1
k−2 , which comes from each coefficient of the equation (1+x)
n =
(1 + x)n−1(1 + x), to compute the xx-component of the matrix (R†R)xx and the yy-
component of the matrix (R†R)yy.
From the eigenvalues of the matrix R†R, we obtain the followings:
fα(ψ) ≡
√
1 + 2α−2C2(ψ), 22−α ≥ C2(ψ),
fα(ψ) ≡ 2α−12 C(ψ), 22−α ≤ C2(ψ) (28)
when α is an even number,
fα(ψ) ≡
√
1 +
(
2α−2 − 1)C2(ψ), 1
1 + 2α−2
≥ C2(ψ),
fα(ψ) ≡ 2α−12 C(ψ), 1
1 + 2α−2
≤ C2(ψ) (29)
when n is an odd number and the inequality
γ ≤ 2fα(ψ). (30)
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Now we want to show that the maximal violation of the Bell’s inequality should
satisfy the below equations:
γ = max
Bˆ,Bˆ′,aˆ,aˆ′
〈Bˆ, R(aˆ+ aˆ′)〉+ 〈Bˆ′, R(aˆ− aˆ′)〉 = 2
√
u21 + u
2
2, (31)
in which u21 and u
2
2 are the first two largest eigenvalues of the matrix R
†R and the
variables are defined as the followings:
Bˆ ≡ aˆ1,i1 aˆ2,i2 · · · aˆn−1,in−1 , Bˆ′ ≡ aˆ′1,i1 aˆ′2,i2 · · · aˆ′n−1,in−1 ,
aˆ ≡ aˆn,in aˆ′ ≡ aˆ′n,in , (32)
where
aˆn,in + aˆ
′
n,in ≡ 2cˆn,in cos θ, aˆn,in − aˆ′n,in ≡ 2cˆ′n,in sin θ, (33)
with θ ∈ [0, pi/2]. This equality holds when the below relations are satisfied:
Bˆ = k1R(aˆ+ aˆ′), Bˆ′ = k2R(aˆ− aˆ′), (34)
where k1 and k2 are constants. One natural choice of aα,iα and aα,′iα can be obtained
by equating two ratios:∣∣∣∣RIx(aˆx + aˆ′x)RI′y(aˆy + aˆ′y)
∣∣∣∣ = ∣∣∣∣BIBI′
∣∣∣∣, ∣∣∣∣RIx(aˆx − aˆ′x)RI′y(aˆy − aˆ′y)
∣∣∣∣ = ∣∣∣∣B′IB′I′
∣∣∣∣, (35)
where the multi-index I and the multi-index I ′ are chosen in the way that one site of
the index I2 in the multi-index I is labeled by x and in the multi-index I
′ is labeled
by y, and other sites of the indices I2 in the multi-index I and the multi-index I
′ are
labeled by the same symbols. This leads to the following equations:∣∣∣∣ aˆI,xaˆI′,y
∣∣∣∣ = ∣∣∣∣ cˆn,xcˆn,y
∣∣∣∣, ∣∣∣∣ aˆ′I,xaˆ′I′,y
∣∣∣∣ = ∣∣∣∣ cˆ′n,xcˆ′n,y
∣∣∣∣. (36)
When the eigenvalues are
u21 = (R
†R)xx, u22 = (R
†R)yy, (37)
we can choose the followings:
(cˆn,x, cˆn,y, cˆn,z)
T =
1√
2
(1, 1, 0), (cˆ′n,x, cˆ′n,y, cˆ′n,z)T =
1√
2
(1,−1, 0),
cos(θ) = sin(θ) =
√
2
2
, (38)
8
to show that the maximal violation of the Bell’s inequality saturates the upper bound
γ = 2
√
u21 + u
2
2. (39)
For the other case:
u21 = (R
†R)zz, u22 = (R
†R)xx, (40)
we can choose the followings:
(cˆn,x, cˆn,y, cˆn,z)
T = (0, 0, 1), (cˆ′n,x, cˆ′n,y, cˆ′n,z)T =
1√
2
(1, 1, 0),
cos(θ) =
u1√
u21 + u
2
2
, sin(θ) =
u2√
u21 + u
2
2
(41)
to prove that the maximal violation of the Bell’s inequality saturates the upper bound
γ = 2
√
u21 + u
2
2. (42)
We prove that the maximal violation of the Bell’s inequality (B˜n) is directly related
to the concurrence of the pure state when the subsystem A only contains one qubit
and the quantum state is a linear combination of two product states. Because the
concurrence of the pure state also monotonically increases with respect to entanglement
entropy, the maximal violation of the Bell’s inequality is also related to entanglement
entropy directly. For the maximally entangled state with the maximal concurrence of
the pure state C(ψ) = 1, the maximal violation of the Bell’s inequality is γ = 2
α+1
2 ≤
2
n+1
2 satisfies the upper bound of the Bell’s operator in an n-qubit system. Although
we do not use the most generic form of the Bell’s operator, information of the quantum
state is already contained in the n-th qubit operators. Thus, the computing of the
generalized R-matrix should give the maximal violation of the Bell’s inequality (B˜n)
directly when a quantum state is a linear superposition of two product states.
Now we discuss the maximal violation of the Bell’s inequality in a mixed state. The
mixed state of a density matrix ρ is
ρ =
∑
i
pi|ψi〉〈ψi|, (43)
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in which the sum of pi is one. Because we have that:
γ(ρ) := max
Bn
Tr
(
ρBn
)
= max
Bn
Tr
(∑
i
pi|ψi〉〈ψi|Bn
)
= max
Bn
∑
i
pi〈ψi|Bn|ψi〉 ≤
∑
i
pi ·maxBn 〈ψi|Bn|ψi〉, (44)
We find the upper bound of the maximal violation of the Bell’s inequality of the
mixed state is the sum of the maximal violation of the Bell’s inequality of the pure
state with corresponding weight pi.
Next, we want to relate this upper bound of the maximal violation of the Bell’s
inequality of a mixed state to the concurrence of a mixed state. From Eq. (44), we
have
γ(ρ) ≤ 2
∑
i
pifα(C(ψi)), (45)
where fα(C(ψi)) is defined in Eqs. (17) (18). The concurrence for mixed state is defined
as [27]
C(ρ) ≡ min
pi,ψi
∑
i
piC(ψi), (46)
where {pi, ψi} is a chosen decomposition of ρ such that minimize the right hand side
of Eq. (46). When the function fα is a linear function of the concurrence C(ψi),
fα(C(ψi)) ∝ C(ψi), we have the equality minpi,ψi
∑
i pifα(C(ψi)) = fα(minpi,ψi
∑
i piC(ψi)) =
fα(C(ρ)). The maximal violation of the Bell’s inequality of a mixed state is bounded by
the function of the concurrence of a mixed state, γ(ρ) ≤ 2fα(C(ρ)). On the other hand,
in Eqs. (17) (18), we have the other form of the function fα(C(ψi) =
√
1 + AC2(ψi) be-
ing a monotonously increasing convex function. Using the property of the monotonously
increasing convex function, we have the inequality
min
pi,ψi
∑
i
pifα(C(ψi)) > fα(min
pi,ψi
∑
i
piC(ψi)) = fα(C(ρ)). (47)
It was shown in Ref. [27] that there exists a decomposition of {pi, ψi} such that all
the pure states ψi have the same concurrence C(ψi). This indicates the concurrence of a
mixed state is exactly the same as the concurrence of pure states in this particular con-
figuration, C(ρ) = minpi,ψi
∑
i piC(ψi) = C(ψi). Thus, the equality holds in Eq. (47),
minpi,ψi
∑
i pifα(C(ψi)) = fα(C(ρ)). Hence, we can conclude that the maximal violation
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of the Bell’s inequality of a mixed state is bounded by the function of concurrence of a
mixed state
γ(ρ) ≤ 2fα(C(ρ)) (48)
.
3 Applications of Theorem 2.1
We apply our results [Eqs. (16) and (48)] to two examples. The first one is an XY-model
with a non-uniform magnetic field. As a demonstration, we only consider the two-qubit
case at zero and finite temperature. The former one corresponds to a pure state and the
later corresponds to a mixed state. The second example is the Wen-Plaquette model.
In the case with only four sites, the ground state has the form as Eq. (15) and can be
applied from Theorem 2.1. On the other hand, in the case with six sites, the ground
state is not the form as Eq. (15) and Theorem 2.1 is not applicable. However, we can
still relate the maximal violation of the Bell’s inequality and the generalized concurrence
in this case. We then use this relation to extract the topological entanglement entropy
STEE = ln 2 in the Wen-Plaquette model.
3.1 Application in an XY-model
3.1.1 Zero Temperature
We consider the 2-qubit XY-model with the non-uniform magnetic field
H2qubits = −J
2
(1 + γ˜)σx ⊗ σx − J
2
(1− γ˜)σy ⊗ σy
−B(1 + δ)σz ⊗ I −B(1− δ)I ⊗ σz, (49)
where
0 ≤ γ˜ ≤ 1, 0 ≤ δ ≤ 1, J ≥ 0, B ≥ 0. (50)
Thus, the Hamiltonian is:
H2qubits =

−2B 0 0 −Jγ˜
0 2Bδ −J 0
0 −J −2Bδ 0
−Jγ˜ 0 0 2B
 . (51)
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The corresponding eigenvectors and eigenvalues are
|Ψ1,±〉 =

∓
√
|λ1,±|∓2B
2|λ1,±|
0
0√
|λ1,±|±2B
2|λ1,±|
 = ∓
√
|λ1,±| ∓ 2B
2|λ1,±| |00〉+
√
|λ1,±| ± 2B
2|λ1,±| |11〉,
|Ψ2,±〉 =

0
∓
√
|λ2,±|±2Bδ
2|λ2,±|√
|λ2,±|∓2Bδ
2|λ2,±|
0
 = ∓
√
|λ2,±| ± 2Bδ
2|λ2,±| |10〉+
√
|λ2,±| ∓ 2Bδ
2|λ2,±| |01〉,
(52)
where λ1,± = ±
√
4B2 + J2γ˜2, λ2,± = ±
√
J2 + 4B2δ2, and |00〉 = (1, 0, 0, 0)T, |11〉 =
(0, 0, 0, 1)T, |10〉 = (0, 1, 0, 0)T, and |01〉 = (0, 0, 1, 0)T.
We first compute the R-matrices from Eq. (5) for these states which are all diagonal,
R(Ψ1,±) = diag(∓
√
λ21,±−4B2
λ21,±
,±
√
λ21,±−4B2
λ21,±
, 1) andR(Ψ2,±) = diag(∓
√
λ22,±−4(Bδ)2
λ22,±
,∓
√
λ22,±−4(Bδ)2
λ22,±
,−1).
The maximal violation of the Bell’s inequality can be computed from the eigenvalues of
R†R and is given in Eq. (7), γ(Ψ1,±) = 2
√
1 +
λ21,±−4B2
λ21,±
and γ(Ψ2,±) = 2
√
1 +
λ22,±−4(Bδ)2
λ22,±
.
We can compute the concurrence direction from the pure states by Eq. (14),
C(Ψ1,±) =
√
λ21,±−4B2
λ21,±
and C(Ψ2,±) =
√
λ22,±−4(Bδ)2
λ22,±
. We can immediately see that
Theorem 2.1 is held, γ(Ψi,±) = 2
√
1 + C(Ψi,±)2, i = 1, 2. This relation demonstrates
that we can extract the entanglement in terms of concurrence directly from the maximal
violation of the Bell’s inequality.
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3.1.2 Finite Temperature
To compute the density matrix at finite temperature, we first compute the following:
ρAB = exp
(
− 1
T
H2qubits
) ∑
i=1,2;α=±
|Ψi,α〉〈Ψi,α|
=
(
cosh
( |λ1,±|
T
)
+ 2
B
|λ1,±| sinh
( |λ1,±|
T
))
|00〉〈00|
+
(
cosh
( |λ1,±|
T
)
− 2 B|λ1,±| sinh
( |λ1,±|
T
))
|11〉〈11|
+ sinh
( |λ1,±|
T
)√
1− 4B
2
λ21,±
(
|00〉〈11|+ |11〉〈00|
)
+
(
cosh
( |λ2,±|
T
)
− 2 Bδ|λ2,±| sinh
( |λ2,±|
T
))
|10〉〈10|
+
(
cosh
( |λ2,±|
T
)
+ 2
Bδ
|λ2,±| sinh
( |λ2,±|
T
))
|01〉〈01|
+ sinh
( |λ2,±|
T
)√
1− 4B
2δ2
λ22,±
(
|10〉〈01|+ |01〉〈10|
)
, (53)
where T is a temperature. We can use the density matrix at a finite temperature to
compute the concurrence of the mixed state. We can determine a critical temperature
Tc such that the concurrence of the mixed state vanishes.
The concurrence defined for a mixed state is given in Eq. (46). It is shown in Ref.
[27] that Eq. (46) can be determined by C(ρAB) = max(0, ξ1 − ξ2 − ξ3 − ξ4), where ξi
are the eigenvalues, in decreasing order, of the quantity
√
ρAB(σy ⊗ σy)ρ∗AB(σy ⊗ σy):{
ξi
}
=
{ √
cosh2
( |λ1,±|
T
)
− 4B
2
|λ1,±|2 sinh
2
( |λ1,±|
T
)
,± sinh
( |λ1,±|
T
)√
1− 4B
2
|λ1,±|2 ,√
cosh2
( |λ2,±|
T
)
− 4B
2δ2
|λ2,±|2 sinh
2
( |λ2,±|
T
)
,± sinh
( |λ2,±|
T
)√
1− 4B
2δ2
|λ2,±|2
}
.
(54)
The concurrence of the mixed state is
max
(
2 sinh
( |λ1,±|
T
)√
1− 4B
2
|λ1,±|2 − 2
√
cosh2
( |λ2,±|
T
)
− 4B
2δ2
|λ2,±|2 sinh
2
( |λ2,±|
T
)
, 0
)
(55)
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when √
cosh2
( |λ1,±|
T
)
− 4B
2
|λ1,±|2 sinh
2
( |λ1,±|
T
)
+ sinh
( |λ1,±|
T
)√
1− 4B
2
|λ1,±|2
≥
√
cosh2
( |λ2,±|
T
)
− 4B
2δ2
|λ2,±|2 sinh
2
( |λ2,±|
T
)
+ sinh
( |λ2,±|
T
)√
1− 4B
2δ2
|λ2,±|2
}
,
(56)
and the concurrence of the mixed state is
max
(
2 sinh
( |λ2,±|
T
)√
1− 4B
2δ2
|λ2,±|2 − 2
√
cosh2
( |λ1,±|
T
)
− 4B
2
|λ1,±|2 sinh
2
( |λ1,±|
T
)
, 0
)
(57)
when √
cosh2
( |λ2,±|
T
)
− 4B
2δ2
|λ2,±|2 sinh
2
( |λ2,±|
T
)
+ sinh
( |λ2,±|
T
)√
1− 4B
2δ2
|λ2,±|2
≥
√
cosh2
( |λ1,±|
T
)
− 4B
2
|λ1,±|2 sinh
2
( |λ1,±|
T
)
+ sinh
( |λ1,±|
T
)√
1− 4B
2
|λ1,±|2 .
(58)
First, we consider when B = 0 which |λ1| = Jγ˜ < J = |λ2| and Eq. (58) hold.
Hence the concurrence is given by Eq. (57)
C(ρAB) = max
(
2 sinh
( |λ2,±|
T
)
− 2 cosh
( |λ1,±|
T
)
, 0
)
,
(59)
The critical temperature Tc can be found from the equation
sinh
(
J
Tc
)
= cosh
(
Jγ
Tc
)
. (60)
Next, we consider γ˜ = 0 and δ = 1 case. In this case, |λ1| < |λ2| and the concurrence
of the mixed state is given by Eq. (57)
C(ρAB) = max
(
2 sinh
(√
J2 + 4B2
T
)√
1− 4B
2
J2 + 4B2
− 2, 0
)
. (61)
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The critical temperature is
Tc =
√
J2 + 4B2
sinh−1
(√
1 + 4B
2
J2
) . (62)
We observe that the critical temperature depends on the magnetic field B. When
we take the limit J → ∞, the critical temperature Tc approaches to infinity. This is
expected because the thermal state with infinite J is still highly entangled. When we
take another limit J → 0, the concurrence of the mixed state approaches zero, since all
spins are aligned along the direction of the magnetic field and will not be entangled.
Thus, the mixed state approaches to a product state for each temperature in the limit.
One interesting limit is taking the limit B/J →∞. The critical temperature approaches
to J . These limits provide useful and interesting applications to entanglement from the
concurrence of the mixed state at a finite temperature.
According to Eq. (48), if one measures the extremal Bell’s violation, it will be
bounded by the function of the concurrence of the mixed states,
max
Bn
Tr(ρBn) ≤ 2f2(ρAB) = 2
√
1 + C2(ρAB). (63)
3.2 Applications to the Wen-Plaquette Model
Next example we considered is the Wen-Plaquette model, which is a two-dimensional
spin (qubit) model with the following interactions,
HWP =
∑
i
σixσ
i+xˆ
y σ
i+xˆ+yˆ
x σ
i+yˆ
y . (64)
Here qubits live on vertices with a four-spin interaction on each plaquette. A quantum
state of the Hamiltonian is an n-qubit quantum state with n being a number of vertices.
First, we apply our Theorem 2.1 to a four-qubit quantum state, with the geometry of
the system containing four vertices, eight edges, and four faces, in which the Euler
number of the torus is zero [see Fig. 1(a)], χ = V −E+F = 0 with V , E, and F being
a number of vertices, edges, and faces, respectively. There are four degenerate ground
states |G〉4−qubit:
1√
2
(|0000〉+ |1111〉), 1√
2
(|1010〉+ |0101〉),
1√
2
(|0011〉 − |1100〉), 1√
2
(|1001〉 − |0110〉). (65)
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Figure 1: (a) A four-qubit quantum state in the Wen-Plaquette model and (b) A six-qubit quantum
state of the Wen-Plaquette model on a torus. The right dashed line is identified as the left solid line
and the top dashed line is identified as the bottom solid line in (a) and (b). The numbers are the site
indices. The gray colored number is identified with the corresponding black colored number.
We define the order of each site in these four-qubit states in the Fig. 1 (a). We first
compute the R-matrices from Eq. (5) for these states which are 27 × 3 matrices. The
R†R of different states have same diagonal form, R†R = diag(4, 4, 1), which lead to the
maximal violation of Bell’s inequality γ = 4
√
2 from the Lemma 2.1 (Eq. [7)].
Next we compute the concurrence directly from these ground state, C(|G〉4−qubit) =
1. We immediately see that Theorem 2.1 [ Eq. (16)] still holds. The maximal violation
of the Bell’s inequality is γ = 2× 2 4−12 = 4√2. Here we demonstrate that the maximal
violation of the Bell’s inequality can be directly computed from the concurrence in the
4-qubit Wen-Plaquette model.
Next, we would like to consider a six-qubit states. The ground state of the Wen-
Plaquette model are
|G1〉6−qubit = 1
2
(− |111000〉+ |001110〉+ |100011〉+ |010101〉), (66)
|G2〉6−qubit = 1
2
(− |000111〉+ |110001〉+ |011100〉+ |101010〉), (67)
with the site labels shown in Fig. 1 (b). Obvious these states do not have the form of
Theorem 2.1 and thus Theorem 2.1 is not applicable.
To relate the upper bound of the maximal violation of the Bell’s inequality and
the generalized concurrence (which we will define later), we need to rewrite the ground
states in terms of two parameters (λ+, λ−). Without loss of generality, we choose
|ψ1〉6−qubit = λ+√
2
(− |111000〉+ |001110〉)+ λ−√
2
(|100011〉+ |010101〉),
|ψ2〉6−qubit = λ+√
2
(− |000111〉+ |110001〉)+ λ−√
2
(|011100〉+ |101010〉). (68)
16
When λ+ = λ− = 1√2 , the above states are the ground states of the six-site Wen-
Plaquette model.
Now we can relate the upper bound of the maximal violation of the Bell’s inequality
to the generalized concurrence of the pure states given in Eq. (68). Two different bipar-
titions are considered: (1) subsystem A contains a site number six, and (2) subsystem A
contains a site number five and a site number six. Here we use δ = 1 or 2 as an indicator
for the case one and case two. According to the Lemma, we find that the upper bound
of the maximal violation of the Bell’s inequality can be expressed by the eigenvalues of
the R†R and will be a function of (λ+, λ−). We then find the inverse mapping of the
generalized concurrence such that these two parameters can be expressed in terms of
the generalized concurrence (C), (λ+(C), λ−(C)). Thus, the maximal Bell’s violation
can be written as a function of the generalized concurrence γ(C).
One should notice that the maximal Bell’s violation is bipartition independent but
measures of entanglement are not, i.e., the concurrence, the entanglement entropy, or
the purity may depend on how we bipartite the system. Here we define the generalized
concurrence as following,
C(δ) ≡
√
2
(
1− 2δ−1Trρ2A(δ)
)
, (69)
which δ indicates different bipartitions. In A, we show that the above definition keeps
the relation of the concurrence and entanglement entropy be independent on the bi-
partition δ in the toric code model. However, the purity Trρ2A(δ) still depends on the
bipartition. We find that the relation of the generalized concurrence and entanglement
entropy is also independent on the bipartitions in the 6-site Wen-Plaquette model as
well. Hence the maximal violation of the Bell’s inequality will be the same functional
form of the generalized concurrence as we will demonstrate in the follows.
Without repeating the similar calculation, we only give the computation of the
quantum state (|G1〉6−qubit). To obtain the upper bound of the maximal violation of
the Bell’s inequality, we first compute the density matrix
ρ6−qubit,1
=
λ2+
2
(|111000〉〈111000|+ |001110〉〈001110| − |111000〉〈001110| − |001110〉〈111000|)
+
λ2−
2
(|100011〉〈100011|+ |010101〉〈010101|+ |100011〉〈010101|+ |010101〉〈100011|)
+
λ+λ−
2
(− |111000〉〈100011| − |111000〉〈010101|+ |001110〉〈100011|+ |001110〉〈010101|
−|100011〉〈111000| − |010101〉〈111000|+ |100011〉〈001110|+ |010101〉〈001110|). (70)
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The non-vanishing matrix elements of the generalized R-matrix are:
Rzzzzzz = Ryyzxxz = Rxxzyyz = −1,
Rxxzxxz = Ryxzyxz = Rxyzxyz = Ryyzyyz = λ
2
+ − λ2−
Ryxzxyz = Rxyzyxz = 1,
Rzyyzxx = −2λ+λ−, Rzxyzyx = 2λ+λ−
Ryzyxzx = −2λ+λ−, Rxzyyzx = 2λ+λ−
Rzyxzxy = 2λ+λ−, Rzxxzyy = −2λ+λ−,
Ryzxxzy = 2λ+λ−, Rxzxyzy = −2λ+λ−. (71)
The eigenvalues of the matrix R†R are (5 + 4(λ2+ − λ2−)2, 16λ2+λ2−, 16λ2+λ2−).
Now we want to compute the concurrence of these states. If we denote the last
qubit as the region A and the complementary region as the region B, the concurrence
is C(λ+, λ−) = 2|λ+λ−|. We also have the normalization condition of the state 1 =
λ2+ + λ
2
−. Therefore, we can invert the function of the concurrence and have
λ2+ =
1±√1− C2(1, ψ)
2
, λ2− =
1∓√1− C2(1, ψ)
2
. (72)
Now the eigenvalues of the matrixR†R can be expressed as (9−4C2(1, ψ), 4C2(1, ψ), 4C2(1, ψ)).
The upper bound of maximal violation of the Bell’s inequality from the eigenvalues of
the matrix R†R [Eq. (7)] is a function of the concurrence
γ(C) ≤
6, C2(1, ψ) ≤ 982√8C2(1, ψ), C2(1, ψ) > 9
8
.
(73)
Next, we consider difference bipartition of computing the generalized concurrence
defined in Eq. (69). If we denote the last two qubits as the region A and the comple-
mentary region as the region B, the generalized concurrence is C(2, ψ) = 2|λ+λ−| and
its inverse mapping gives the same form as Eq. (72). The above result shows that the
upper bound of the maximal violation of Bell’s inequality has the same functional form
for the generalized concurrence with different bipartitions.
One should be noticed that the generalized concurrence we defined is always less or
equal then one, C(δ, ψ) ≤ 1. This indicates the upper bound of the maximal violation
of the Bell’s inequality is aways six which is independent on the states and bipartitions.
This independency is purely an artifact from the choice of the Bell’s operator [Eq.
(4)]. We can find another Bell’s operator to have a better upper bound. This choice
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is switching site-1 and site-6 from the original Bell’s operator defined in Eq. (4). We
recompute the upper bound of the maximal violation of the Bell’s inequality for this
choice of the Bell’s operator. The non-vanishing elements of the R-matrix in this Bell’s
operator are switching the first and six indices of the R-matrix in Eq. (71). The
corresponding eigenvalues of the matrix R†R are (4, 4, 1 + 16λ2+λ
2
−). The generalized
concurrence under redefinition of the site-1 and site-6 are the same as the original one.
Hence the eigenvalues of the matrix R†R are (4, 4, 1 + 4C2(δ, ψ)), δ = 1, 2.
The upper bound of the maximal violation of the Bell’s inequality as a function of
the generalized concurrence is
γ(C) ≤
2
√
5 + 4C2(δ, ψ), C2(δ, ψ) ≥ 3
4
4
√
2, C2(δ, ψ) < 3
4
, δ = 1, 2.
(74)
One can find the ground state of the six-site Wen-Plaquette model (λ+ = λ− =
1/
√
2) has the upper bound of the Bell’s inequality equal to 6 and the concurrence
C = 1.
Here we give a brief comment on the choice of Bell’s operators. The essential idea
of using the upper bound of the maximal Bell’s violation as a measure of entanglement
is to express the upper bound of the maximal Bell’s violation as a function of the
concurrence. The functional form of the upper bound of the maximal Bell’s violation
strongly depends on the choice of the Bell’s operators. If it is a constant for a given
region of the concurrence, e.g. C2 ≥ 3/4 for the first choice of the Bell’s operator
and C2 < 3/4 for the second choice of the Bell’s operator, we cannot extract the
entanglement information form the upper bound of the maximal Bell’s inequality. This
is different from Theorem 2.1 where the maximal violation of the Bell’s inequality is
always a function of the concurrence with the particular form of the wavefunction.
Now let us suppose that we choose the first Bell’s operator and we know that the
generalized concurrence is always greater than
√
3/2. Can we extract the topological
entanglement entropy from measuring the upper bound of the maximal violation of the
Bell’s inequality? The answer is yes. First we write down the entanglement entropy
SEE,A(δ) = −TrρA(δ) ln ρA(δ) for different bipartitions,
SEE,A(1) = −λ2+ lnλ2+ − λ2− lnλ2−, SEE,A(2) = ln 2− λ2+ lnλ2+ − λ2− lnλ2−.
(75)
Next we express λ2± in term of the upper bound of the maximal violation of the
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Bell’s inequality γM ,
λ2± =
1
2
(
1±
√
9
4
− γ
2
M
16
)
. (76)
Thus the entanglement entropy can be written as the function fo the concurrence,
SEE,A(1) = −1
2
ln
(
γ2M
43
− 5
42
)
− 1
2
√
9
4
− γ
2
M
16
ln
(
1 +
√
9
4
− γ2M
16
1−
√
9
4
− γ2M
16
)
,
SEE,A(2) = SEE,A(1) + ln 2. (77)
For the ground state of the six-site Wen-Plaquette model, γM = 6 leads to SEE,A(1) =
ln 2 and SEE,A(2) = 2 ln 2.
In general, the entanglement entropy has the form
SEE,A(L) = αL− STEE, (78)
in which the first term indicates the area law with L being the length of an entangling
boundary, α being a constant, and STEE is called topological entanglement entropy [24].
In the Wen-Plaquette model, the length of an entangling boundary L is a number of
bonds that connect the subsystem A and the subsystem B. We consider the following
number of bonds:
L(δ = 1) = 4, L(δ = 2) = 6 (79)
to extract the area law of entanglement entropy and obtain the topological entanglement
entropy:
STEE = ln 2 = ln
√
D, (80)
where D = 4 is the number of distinct quasiparticles [24]. In the case that the subsystem
A contains one site corresponds to the four bonds L = 4. In the case, that subsystem
A contains two adjacent sites along a vertical direction corresponds to the four bonds
L = 4. In the case that the subsystem A contains two adjacent sites along a horizontal
direction corresponds to the six bonds L = 6. In the case that the subsystem A contains
two disjointed sites corresponds to the six bonds L = 6. In the case that the subsystem
A contains three adjacent sites corresponds to the six bonds L = 6. In the case that the
subsystem A contains two adjacent sites and one disjointed site corresponds to the six
bonds L = 6. Thus, we use the maximal Bell’s violation from the generalized R-matrix
constructing from the first Bell’s operator to demonstrate an indirect measure of the
topological entanglement entropy.
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4 Generalized Concurrence, Entanglement Entropy
and 2n Qubits
The last example we would like demonstrate the relation between the upper bound of
the maximal Bell’s violation and the generalized concurrence is a 2n qubits with the
following form
|ψ〉 = λ+√
2n
(
|00 · · · 00A〉|00 · · · 00B〉+ |00 · · · 010A〉|00 · · · 010B〉
+ · · ·+ |11 · · · 110A〉|11 · · · 110B〉
)
+
λ−√
2n
(
|00 · · · 01A〉|00 · · · 01B〉+ |00 · · · 011A〉|00 · · · 011B〉
+ · · ·+ |11 · · · 111A〉|11 · · · 111B〉
)
, (81)
in which each region A and region B contains n qubits. For each region, apart from the
the last qubit, we consider a linear superposition of all possible configurations in the
first n − 1 qubits. The generalized concurrence of the pure state is defined as before
[Eq. (69)]
The entanglement entropy of the region A is
SEE,A = (n− 1) ln 2− λ
2
+
2
ln
(
λ2+
2
)
− λ
2
−
2
ln
(
λ2−
2
)
. (82)
The coefficients, λ+ and λ−, for 2n qubits also satisfy the following equations:
λ2+
2
=
1±√1− C(n, ψ)2
2
,
λ2−
2
=
1∓√1− C(n, ψ)2
2
. (83)
The entanglement entropy of the region A also monotonically increases with respect to
concurrence of the pure state C(n, ψ).
Now we first compute and discuss the maximal violation of the Bell’s inequality for
n = 2. We use the identities given in B to compute the non-vanishing elements of the
generalized R-matrix
Rxxxx = Ryyyy = Ryxyx = Rzxzx = λ+λ−,
Rxyxy = Rzyzy = −λ+λ−, Rxzxz = Rzzzz = −Ryzyz = 1. (84)
Thus, the eigenvalues of the matrix R†R are (3C(2, ψ)2, 3C(2, ψ)2, 3).
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Now we can obtain the upper bound of the maximal violation of the Bell’s inequality
γ ≤ 2
√
3
√
1 + C(2, ψ)2. (85)
We consider different bipartitions, the quantum state can be rewritten as
|ψ〉 = λ+
2
(|000A〉+ |101A〉)|0B〉+ λ−
2
(α0 − α1)
(|010A〉+ |111A〉)|1B〉. (86)
the entanglement entropy of the region A is
SEE,A = −λ
2
+
2
ln
(
λ2+
2
)
− λ
2
−
2
ln
(
λ2−
2
)
, (87)
and the upper bound of the maximal violation of the Bell’s inequality is
γ ≤ 2
√
3
√
1 + C(1, ψ)2. (88)
The entanglement entropy of the region A also monotonically increases with respect to
the concurrence of the pure state C(1, ψ). Although the bipartition does not affect the
maximal violation of the Bell’s inequality, we can use the concurrence of the pure state
to express the intensity of entanglement entropy or how large of entanglement entropy
for the corresponding bipartition from the upper bound of the maximal violation of the
Bell’s inequality.
This example also shows that even if a quantum state is not just a linear combination
of two product states, the upper bound of the maximal violation of the Bell’s inequality
can relate to the value of entanglement entropy.
For a generalization of an arbitrary number of n, the upper bound of the maximal
violation of the Bell’s inequality
γ ≤ 2
√
3n−1
√
1 + C(n, ψ)2. (89)
5 Discussion and Outlook
We demonstrated the relations between the upper bound of the maximal violation of
the Bell’s inequality and the generalized concurrence of n-qubit pure states in several
examples. In particular, we show the this upper is equal to the maximal Bell’s violation
for an n-qubit state which has the form in Eq. (15). We emphasize that the maximal
violation of the Bell’s inequality is a measure of the Bell’s operator in a full system,
while the computation of the generalized concurrence only involves a reduced density
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matrix in a subsystem. The relation that we showed in the paper can provide an
alternative measure of entanglement, from the inverse mapping of the upper bound of
the Bell’s operator to the generalized concurrence.
We applied our results to the various models. We first considered the two-qubit
system with the non-uniform magnetic field at a finite temperature. We also studied
the maximal violation of the Bell’s inequality in the Wen-Plaquette model [23] for four
sites and six sites on a torus manifold. Our computation of the generalized R-matrix in
the Wen-Plaquette model reveals that the ground states are maximally entangled or the
generalized concurrence of the pure state is one. We also provided a possible detection
of topological entanglement entropy [24] through the upper bound of the maximal
violation of the Bell’s inequality by using different bipartitions of the concurrence of
the pure state.
The studies of the upper bound of the maximal violation of the Bell’s inequality can
shed the light to understand an alternative detection of entanglement beyond using the
reduced density matrix. Extracting the information of the reduced density matrix form
the local probe requires single-site resolution which is very restricted in experiments
and is very hard to apply to many-body systems. On the other hand, the measure
of the Bell’s operator, in principle, does not require single-site resolution and can be
performed to a large system. It was shown that Bell’s operators have been measured
in a Bose-Einstein condensate with about 480 atoms[21].
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A Generalized Concurrence, Entanglement Entropy
and the Toric Code Model
We compute Re´nyi entropy [28] in a toric code model [22] on a disk manifold, which
can have an arbitrary number of holes, and a cylinder manifold [29] with boundary
conditions. From our result of the Re´nyi entropy, we can obtain a relation between a
generalized concurrence of a pure state and entanglement entropy. For the case of a disk
manifold, we find that the Re´nyi entropy always equals to entanglement entropy for any
bipartition. For the case of a cylinder manifold, we consider a non-contractible region.
The Re´nyi entropy can be different from the entanglement entropy [29]. The result is
interesting because we can find that a choice of a ”generalized concurrence” depends on
boundary degrees of freedom of a Hilbert space in a toric code model. We first review a
toric code model on a torus manifold, then compute the Re´nyi entropy in a toric code
model on a disk manifold and on a cylinder manifold. The generalized concurrence is
useful for us to demonstrate a relationship between the maximal violation of the Bell’s
inequality and entanglement entropy in the 2n-qubit quantum state.
A.1 Review of a Toric Code Model on a Torus Manifold
We consider a lattice, which can be embedded on an arbitrary two-dimensional surface.
The simplest case is an L×L square lattice with a periodic boundary condition which
forms a torus. The Hilbert space of each edge Hi consists of a spin one-half degree of
freedom and the total Hilbert space of a toric code model is a tensor product of the
Hilbert space of each edge as the Hilbert space H = ⊗iHi. The lattice model on a
torus has L2 vertices and L2 plaquettes. Since the dimensions of the Hilbert space of
each spin is two and the number of links on a square lattice is 2L2, the total dimensions
of the Hilbert space are 22L
2
. The Hamiltonian of the toric code model is
H = −
∑
v
UvAv −
∑
p
JpBp (90)
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with Uv ≥ 0 and Jp ≥ 0, where:
Av =
⊗
i∈star(v)
σzi = σ
z
i1
⊗ σzi2 ⊗ σzi3 ⊗ σzi4 ,
Bp =
⊗
j∈∂p
σxj = σ
x
j1
⊗ σxj2 ⊗ σxj3 ⊗ σxj4 , (91)
in which the index i ∈ star(v) runs over all four edges around an vertex v and j ∈ ∂p
goes around four edges on a boundary of a plaquette p. We also remind that the
operators Av (vertex operators), and Bp (plaquette operators) act on the Hilbert space
H rather than acting on some local Hilbert spaces so the operators are trivial operators
or the identity operators on the edges, which are not in the vertex v and the plaquette
p.
To have a complete set of observables on a torus, it turns out that we also need two
loop operators of two non-contractible cycles on a torus:
Z(C1) ≡
⊗
i∈C1
σzi1 , X(C2) =
⊗
j∈C2
σxj1 , (92)
in which C1 and C2 are loops.
A.2 A Disk Manifold with Holes
We compute entanglement entropy in the toric code model on a disk manifold with
an arbitrary number of holes 4. A non-zero number of holes on a disk manifold can
increase ground state energy of the toric code model compared to ground state energy
of the toric code model on the disk manifold without holes. This could be seen as a
generation of anyons on a disk manifold through increasing the number of holes. Note
that we pick boundary conditions, from which an upper edge of the disk manifold and
a right edge of the disk manifold are smooth boundary conditions and a lower edge of
the disk manifold and the left edge of the disk manifold are rough boundary conditions.
A vertex operator at a smooth boundary only acts on three qubits on the three links
meeting at a vertex. A plaquette operator at a rough boundary lacks a qubit so it only
acts on three qubits on the three links nearby.
When we do a bipartition, there are (nL,v, nL,c, nR,v, nR,c) anyons, in which the label
L stands for a left region in the system and the label R stands for a right region in the
system and the label v represents vortex particles and the label c represents charged
4It is also referred to a surface code model if a manifold is not a torus.
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(a)
(b)
Figure 2: We can move the line operator creating charge anyons by applying plaquette operators on
the edge as shown in Figure (a) or in the bulk as shown in Figure (b).
particles. In our convention, the vortex particles are generated by the X operators
acting on links and the charge particles are generated by the Z operators acting on
a dual lattice. For the convenience, we remove the vertex operators and plaquette
operators corresponding to a position of the anyons so that the quantum state is, in
fact, a ground state of the Hamiltonian 5. We also find that entanglement entropy of
the disk manifold with a number of holes is independent of cutting because we can use
vertex or the plaquette operators to deform the X and Z operators, as shown in Fig. 2
and Fig. 3. The other decomposition method can be implemented by putting boundary
conditions on the entangling surface [30]. We can set the rough boundary condition
on the left side of an entangling surface and set the smooth boundary condition on
the right side of the entangling surface. A form of the entanglement entropy is not
modified.
We define a group G as the group generated by all the plaquette operators, including
those sitting at an edge and those at a position of anyons. Hence, the quantum state
|Ω〉 or the ground state of the Hamiltonian without quasiparticles can be written as the
following:
|Ω〉 ≡ 1√|G|∑
g∈G
g|0〉 = 1√|G|∑
g∈G
g|0L〉 ⊗ |0R〉, (93)
where |0L〉 and |0R〉 are just shorthand expressions representing qubits live in a left
region and a right region. Therefore, the quantum state |ψ〉 on a disk manifold with
5Now the quantum states with the presence and the absence of anyons are all ground states of the
Hamiltonian, we have a larger ground state degeneracy than a toric code model on a disk manifold
without any hole.
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Figure 3: We can move the line operator creating vortex anyons by applying vertex operators on the
edge as shown in Figure (a) or in the bulk as shown in Figure (b).
holes can be written as the following:
|ψ〉 =
∏
iL,v
XiL,v
∏
iL,c
ZiL,c
∏
iR,v
XiR,v
∏
iR,c
ZiR,c|Ω〉
=
1√|G|∏iL,v XiL,v
∏
iL,c
ZiL,c
∏
iR,v
XiR,v
∏
iR,c
ZiR,c
×
∑
g∈G
g|0L〉 ⊗ |0R〉.
For convenience, we define the operators as the followings:
EL ≡
∏
iL,v
XiL,v
∏
iL,c
ZiL,c , ER ≡
∏
iR,v
XiR,v
∏
iR,c
ZiR,c ,
(94)
E2L = 1, E
2
R = 1, (95)
and write the element of the group G as that g ≡ gL⊗ gR and the wavefunction as that
|ψ〉 = 1√|G|∑
g∈G
ELgL|0L〉 ⊗ ERgR|0R〉. (96)
The operator gL and the operator gR do not contain a complete plaquette operators on
an entangling surface. The operator gL only acts on one qubit for each plaquette oper-
ator and the action acts on three qubits for each plaquette operator on the entangling
surface.
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L R
Figure 4: Condensation of each type of anyons is generated on the corresponding boundary, costing no
energy to produce anyon at the boundary. The anyon in the bulk can be generated by a string operator
with one end attached to a suitable edge. Each blue line consists of a string of the X operators, which
generates vortex particle pairs. The orange lines are strings of the Z operators, which generates charge
particle pairs. Vortex particles condense at the rough boundary while charge particles condensed at
the smooth boundary. By using the operation in Fig. 2 and Fig. 3, we can move any configuration of
blue lines and orange lines with a bulk end fixed and boundary ends at their proper boundary to the
configuration shown in this Figure. Note that qubits live on links.
Each X and Z operator has one ending point attached to an edge and the other
ending point fixed at where the corresponding anyon sits as in Fig. 4.
Now we have the reduced density matrix of the L system (the notations we use here
are summarized in the Table. 1 and the Table. 2):
ρL = TrR|ψ〉〈ψ|
=
1
|G|
∑
g,g′∈G
ELgL|0L〉〈0L|gL′EL〈0R|gR′ERERgR|0R〉
=
1
|G|
∑
g,g′∈G
ELgL|0L〉〈0L|gL′EL · 〈0R|gR′gR|0R〉
=
1
|G|
∑
g∈G,g˜∈G
ELgL|0L〉〈0L|gLg˜LEL · 〈0R|g˜R|0R〉
=
|GR|
|G|
∑
h∈G/GR,g˜∈GL
ELhL|0L〉〈0L|hLg˜LEL, (97)
where
g˜L ≡ g′LgL, g˜R ≡ g′RgR. (98)
Because the operator gL and the operator gR do not contain complete plaquette opera-
tors on the entangling surface, we remind our reader: gL /∈ GL and gR /∈ GR, in which
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GL is a group generated by all the plaquette operators fully supported on a left region
and GR is a group generated by all the plaquette operators fully supported on a right
region. We also remind that the operator g˜L and the operator g˜R do not contain any
plaquette operator on an entangling surface.
Notation Comment
GL
The group generated by all the plaque-
tte operators fully supported on the left
region, as illustrated in Fig. 5 (a). We
also remind gL /∈ GL.
GR
The group generated by all the pla-
quette operators fully supported on the
right region, as illustrated in Fig. 5 (b).
We also remind gR /∈ GR.
G
The group generated by all the plaque-
tte operators, as illustrated in Fig. 5
(c).
G/GR
A quotient group. Each element is
an equivalence class of elements of the
group G which have the same action on
the left region, as illustrated in Fig. 6
G/(GR ×GL)
A quotient group. The representative
of this quotient group are generated by
the plaquette operators on a border.
The size of this group is 2nL , where nL
is a number of plaquette operators on
a border. This is illustrated by Fig. 7.
Table 1: List of notations of the groups.
29
Notation Comment
g
An element of the group G. The ele-
ment of the group G, the operator g is
defined as that g ≡ gL ⊗ gR, in which
the operator gL is supported on the left
region and the operator gR is supported
on the right region. The operator g is
related to the operator g′ by the rela-
tion g′ = gg˜. We remind that the op-
erator gL and the operator gR contain
non-complete plaquette operators.
g′
An element of the group G. The oper-
ator g′ is defined as that g′ ≡ gL′⊗ gR′,
in which the operator gL
′ is supported
on the left region and the operator gR
′
is supported on the right region. The
operator g is related to the operator g′
by the relation g′ = gg˜. We remind
that the operator g′L and the operator
g′R contain non-complete plaquette op-
erators.
g˜
An element of the group G. The oper-
ator g˜ is defined as that g˜ ≡ g˜L⊗ g˜R, in
which the operator g˜L is supported on
the left region, while the operator g˜R
is supported on the right region. Af-
ter the requirement that the operator
is an identity operator on the right re-
gion (g˜R = I), the operator g˜ becomes
an element of GL.
h
An element of the quotient group
G/GR. We also define the operator
h ≡ hL ⊗ hR.
Table 2: List of notations of the operators.
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L R L R L R
(a) (b) (c)
Figure 5: The illustration of groups G, GL, and GR.(a) The group GL is generated by plaquette
operators supported on the left region. (b) The group GR is generated by plaquette operators supported
on the left region. (c) The group G is generated by plaquette operators on the whole region.
L R
g = gL ⌦ gR
g = gL ⌦ gR
h
Figure 6: The illustration of the quotient group G/GR. Two group elements in the group G colored
by red and blue having the same action on the left region are in the same equivalence class h colored
by the purple.
We used the relation
〈0R|g˜R|0R〉 = δg˜R,I (99)
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L R
Figure 7: The illustration of the quotient group G/(GL × GR). The quotient group is generated by
plaquette operators living on the border.
in the third equality. Then we can obtain:
ρ2L =
|GR|2
|G|2
∑
h,h′∈G/GR,g˜,g˜′∈GL
ELh|0L〉〈0L|hg˜Lh′|0L〉〈0L|h′g˜′LEL
=
|GR|2
|G|2
∑
h∈G/GR,g˜,g˜′∈GL
ELh|0L〉〈0L|hg˜Lg˜′LEL
=
|GR|2|GL|
|G|2
∑
h∈G/GR,g˜∈GL
ELh|0L〉〈0L|hg˜LEL
=
|GL||GR|
|G| ρL
≡ λρL, (100)
where
λ ≡ |GL||GR||G| = 2
−nL . (101)
We used the relation
〈0L|hg˜Lh′|0L〉 = δh′,hg˜L (102)
in the second equality. Thus, it is also easy to use the same way to obtain the equality
ρnL = λ
n
(ρL
λ
)
. (103)
The Re´nyi entropy of the order α in the toric code model on a disk manifold with
any number of holes is:
Sα ≡ 1
1− α ln Trρ
α
L = nL ln 2, (104)
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where nL is a number of plaquettes on the entangling surface between the region L
and the region R. In summary, entanglement entropy of the system with an arbitrary
number of holes is:
SEE,L = Sα = nL ln 2. (105)
Note that at each hole, we can have two possibilities: presence and absence of an anyon.
In this section, we consider the case where anyons are present at each hole. It turns
out that all the other cases actually give the same Re´nyi entropy expression. Hence,
the result does not give any constraint to a generalized concurrence.
A.3 A Cylinder Manifold
We consider the toric code model on a cylinder manifold, cutting it into two non-
contractible sub-cylinders, region A and region B. The operators on a boundary of the
cylinder manifold satisfy the periodic boundary conditions for the upper and lower sides
of the cylinder manifold. We also set the rough (smooth) boundary conditions for other
two sides and put boundary conditions on an entangling surface to decompose a region
[30]. When we cut the cylinder manifold into two sub-cylinder manifolds, the operators
on an entangling surface between the region A and the region B in the sub-cylinder
manifolds satisfy the rough (smooth) boundary condition.
The toric code model on a cylinder manifold has two ground states [29]:
|ψ00〉 = 1√
2Nq
Nq∑
l=1
(|ql = 0, 0A〉|ql = 0, 0B〉+ |ql = 0, 1A〉|ql = 0, 1B〉),
|ψ01〉 = 1√
2Nq
Nq∑
l=1
(|ql = 0, 0A〉|ql = 0, 1B〉+ |ql = 0, 1A〉|ql = 0, 0B〉), (106)
in which a crossing number to an entangling surface is always an even number, which
is labeled by 0 at the first index of ql, a winding number around the sub-cylinders A or
B can be an even number, which is labeled by 0 at the second index of ql, or an odd
number, which is labeled by 0 at the second index of ql, and Nq = 2
nL−1, where nL is
a number of plaquettes on an entangling surface. A generic ground state is
|ψ〉 = α00|ψ00〉+ α01|ψ01〉. (107)
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Thus, the reduced density matrix in the region A is
ρA =
1
2Nq
Nq∑
l=1
((
|α00|2 + |α01|2
)
×(|ql = 0, 0A〉〈ql = 0, 0A|+ |ql = 0, 1A〉〈ql = 0, 1A|)
+
(
α∗00α01 + α00α
∗
01
)
×(|ql = 0, 0A〉〈ql = 0, 1A|+ |ql = 0, 1A〉〈ql = 0, 0A|)).
(108)
We can diagonalize the reduced density matrix of the region A to obtain the eigenvalues
of the reduced density matrix of the region A:
1
2Nq
|α00 + α01|2, 1
2Nq
|α00 − α01|2, (109)
and the Re´nyi entropy of the order n is:
Sn =
1
1− n ln
((
1
2Nq
)n
Nq
( 2∑
i=1
(2pi)
n
))
= lnNq +
1
1− n ln
( 2∑
i=1
pni
)
= nL ln 2−
(
ln 2− 1
1− n ln
( 2∑
i=1
pni
))
, (110)
where:
p1 ≡ 1
2
|α00 + α01|2, p2 ≡ 1
2
|α00 − α01|2, p1 + p2 = 1. (111)
Topological entanglement entropy is defined as a boundary independent part of en-
tanglement entropy and from (110), the topological entanglement entropy is ln 2 +∑2
i=1 pi ln pi. The maximal topological entanglement entropy is ln 2. When pi = 1/2
for each index i we can get the vanishing topological entanglement entropy:
ln 2−
∑
i
pi ln pi = ln 2− 1
2
ln 2− 1
2
ln 2 = ln 2− ln 2 = 0. (112)
Since we only have one independent parameter for pi from the second Renyi entropy in
(110), we have the following equations:
(nL − 1) ln 2 + ln Trρ2A = ln
(
2p21 − 2p1 + 1
)
, (113)
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2p21 − 2p1 +
(
1− 2nL−1Trρ2A
)
= 0, (114)
p1 =
1±
√
1− 2(1− 2nL−1Trρ2A)
2
,
p2 =
1∓
√
1− 2(1− 2nL−1Trρ2A)
2
. (115)
By comparing (21) and (115), we find the entanglement entropy is quite similar to the
entanglement entropy of the two qubits [9]. We can know that the entanglement entropy
should monotonically increase by decreasing Trρ2A and also find that the generalized
concurrence of the pure state in a toric code model on a cylinder manifold should be
defined by
C(nA, ψ) ≡
√
2
(
1− 2nA−1Trρ2A
)
. (116)
If nA = 1, a definition of the generalized concurrence of the pure state goes back to the
concurrence of two qubits [9]. Even if nA = 1, the entanglement entropy of the toric
model on the cylinder manifold does not vanish and has the contribution from classical
Shannon entropy because the region A is non-contractible. Hence, it is interesting to
obtain the generalized concurrence of the pure state between different regions in the
toric code model. We also find that the factor 2nA−1 in the concurrence of the pure state
depends on boundary degrees of freedom of the Hilbert space. Thus, a relation between
the maximal violation of Bell’s inequality and entanglement entropy possibly be ex-
pressed in terms of the generalized concurrence C(nA, ψ) with corresponding boundary
degrees of freedom of the Hilbert space in the toric code model. This also motivates us
to use the definition of the generalized concurrence.
B Some identities for computing the R-matrix
To compute the upper bound of the maximal violation of the Bell’s inequality for the
2n-qubit states in Sec. 4 , we need to compute elements of the R-matrix, which have
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the form,
Tr
((
(a1 ⊗ a2 ⊗ · · · ⊗ an)⊗ (a1 ⊗ a2 ⊗ · · · ⊗ an)
)
×((bT1 ⊗ bT2 ⊗ · · · ⊗ bTn )⊗ (bT1 ⊗ bT2 ⊗ · · · ⊗ bTn ))
×(σi1 ⊗ σi2)⊗ (σi3 ⊗ σi4)⊗ · · · ⊗ (σi2n−1 ⊗ σi2n)
)
= Tr
((
(a1b
T
1 )⊗ (a2bT2 )⊗ · · · ⊗ (anbTn )
)⊗ ((a1bT1 )⊗ (a2bT2 )⊗ · · · ⊗ (anbTn ))
×(σi1 ⊗ σi2)⊗ (σi3 ⊗ σi4)⊗ · · · ⊗ (σi2n−1 ⊗ σi2n)
)
= Tr
(((
(a1b
T
1 )⊗ (a2bT2 )
) · (σi1 ⊗ σi2))⊗ (((a3bT3 )⊗ (a4bT4 )) · (σi3 ⊗ σi4))⊗ · · ·
⊗
((
(anb
T
n )⊗ (anbTn )
) · (σi2n−1 ⊗ σi2n))
)
= Tr
(((
(a1b
T
1 )⊗ (a2bT2 )
) · (σi1 ⊗ σi2))
)
× Tr
(((
(a3b
T
3 )⊗ (a4bT4 )
) · (σi3 ⊗ σi4))
)
× · · ·
×Tr
(((
(an−1bTn−1)⊗ (anbTn )
) · (σi2n−1 ⊗ σi2n))
)
= Tr
(
(σi1 ⊗ σi2) ·
(
(a1b
T
1 )⊗ (a2bT2 )
))× Tr((σi3 ⊗ σi4) · ((a3bT3 )⊗ (a4bT4 ))
)
× · · ·
×Tr
(
(σi2n−1 ⊗ σi2n) ·
(
(an−1bTn−1)⊗ (anbTn )
))
= Tr
((
σi1a1b
T
1
)⊗ (σi2a2bT2 ))× Tr((σi3a3bT3 )⊗ (σi4a4bT4 ))× · · ·
×Tr
((
σi2n−1an−1b
T
n−1
)⊗ (σi2nanbTn))
= Tr
(
σi1a1b
T
1
)
× Tr
(
σi2a2b
T
2
)
× · · · × Tr
(
σinanb
T
n
)
×Tr
(
σin+1a1b
T
1
)
× Tr
(
σin+2a2b
T
2
)
× · · · × Tr
(
σi2na2nb
T
2n
)
, (117)
in which the notation ⊗ represents a tensor product of matrices while × and · stand
for a matrix multiplication, a scalar multiplication or a dyad product, depending on
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the context. The two-component vectors ai and bj can be the following(
1
0
)
or
(
0
1
)
. (118)
To obtain the eigenvalues of the matrix R†R, we list the following useful identities:
Tr
[(
0 1
1 0
)(
1
0
)(
0 1
)]
= 1, Tr
[(
0 1
1 0
)(
0
1
)(
1 0
)]
= 1,
Tr
[(
0 −i
i 0
)(
1
0
)(
0 1
)]
= i, Tr
[(
0 −i
i 0
)(
0
1
)(
1 0
)]
= −i,
Tr
[(
1 0
0 −1
)(
1
0
)(
1 0
)]
= 1, Tr
[(
1 0
0 −1
)(
0
1
)(
0 1
)]
= −1.
(119)
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